We propose a matrix model to describe a class of fractional quantum Hall (FQH) states for a system of (N 1 + N 2 ) electrons with filling factor more general than in the Laughlin case. Our model, which is developed for FQH states with filling factor of the
Introduction
Susskind's original and suggestive idea that a non-commutative (NC) U(1) Chern-Simons theory is the natural effective theory to approach the fundamental state of fractional quantum Hall (FQH) systems [1] , created an intensely revived interest in the exploration of new aspects of FQH fluids. Results on NC geometry methods and brane systems of 10D type-II superstrings [2, 3] have primarily been used. Starting from a two dimensional system with a large number N of electrons in the presence of a perpendicular strong magnetic field B, and considering fluctuations
around the time-independent background X i = y i , Susskind showed that the resulting effective field theory is a NC U(1) Chern-Simons gauge theory with an integer level
The large U(N) automorphism symmetry of the Susskind matrix model, X ′ = UXU + , is mapped to an area-preserving diffeomorphism on the y plane, | ∂ 2 y ′ ∂y 2 | = 1, which in turns is mapped to a NC U(1) invariance in the space of gauge fluctuations,
where ⋆ is the usual Moyal product.
Moreover, by exploring the possibility to develop a consistent finite matrix model for the description of FQH droplet systems, interesting developments have been made by appropriately treating the NC finite matrix model constraint equations. A first development in this direction was made in [4] where a new field, denoted Ψ and transforming in the fundamental N of SU(N) (Ψ ∼N), has been introduced to regularize the non-commutative plane constraint equation:
for the case of a finite number N of electrons. This equation is consistent only for infinite matrices (N = ∞), but with the help of the Ψ field, it can be made consistent even for finite dimensions as shown below
With a non-zero Ψ field, the trace on the states is now well-defined and the initial constraint while N andN describe respectively Ψ andΨ . In the language of D-brane physics, where the particles are viewed as D0-branes dissolved in the D2 world volume brane, the above Ψ field is represented by a F 1 string with an end on a D0-brane of D2 and the other end on a D4-brane [5, 6, 7] , see also [8] . In section 4, we will explore other aspects of this field and introduce others in order to develop models for FQH states that are not of Laughlin type.
Quantum mechanically, the X i hermitian matrix variables and the Ψ complex vector are moreover interpreted as creation and annihilation (matrix) operators acting on the Hilbert space H of states {|Φ >}. In this case, (4) must be understood as constraint equations that should be imposed on H. If one forgets for a while about the Ψ vector field and focus on the X i 's by setting Z ± = (X 1 ± iX 2 ); then associate with each matrix field variable Z In these quantum constraints, the J nm operators, which are expressed in terms of the 2N 
define just the usual SU(N) generators while
is the charge operator realizing the abelian U(1) subsymmetry factor of U(N). As such the quantum constraint equations (7) require the wavefunctions |Φ > ∈ H to be SU(N) invariant and moreover carry Nk charges of U (1) ; that are having Nk operators of type Ψ + or, equivalently, a monomial form (Ψ + ) kN . In [9] , see also [7] , the solution for the constraint equations (4) have been obtained by using special properties of antisymmetric and holomorphic polynomials and the vacuum configuration has been shown to be exactly that obtained years ago by
Laughlin [10] .
Despite the success of the Susskind NC model and its regularised version introduced by Polychronakos, in particular the theoretical prediction Bθν = 1 and the exact recovering of the . These wavefunctions
have a huge Z kN discrete symmetry containing the special Z N k and Z k N subsymmetries and degenerate zeros of degree k. These zeros are expected to play a crucial role in the study of the quantum configuration of the NC system. Recall in passing that the degenerate zeros of Φ L cover remarkable features which may be exploited in the analysis of the quantum spectrum of the FQH system with fractional values for the filling factor. Indeed, setting
so their product can be written as
which is nothing but the usual SU (k) singularity equation of the assymptotically locally Eulidean (ALE) space [12, 13] . As such one expects that many results obtained in the context of representation theory for NC manifolds with singularities [14, 15] can be applied as well to the FQH systems. From the NC geometry point of view, the above mentioned degeneracy of Φ L (z 1 , . . . , z N ) should be lifted and one expects to get richer solutions for vacuum configurations in the NC plane that should contain the one recently built in [9] .
The aim of this paper is to develop a matrix model for the FQH states at filling factor given by the series
where k 1 and k 2 odd integers and work out the vacuum configurations by taking into account the singularities of the Laughlin wavefunctions and the NC geometry of the plane. To fix the ideas, we will mainly focus our attention on the FQH states at filling factor ν = 2 5 . First, we reconsider the Laughlin states with ν = 1 k and study the effective link between discrete symmetries and the NC geometry of the plane. We then look for the general solutions for vacuum wavefunctions by using techniques, borrowed from non-perturbative QCD concerning compositeness [16] . It is then possible to determine vacuum configurations for the wavefunctions as suggested by NC geometry of the plane. This also allows us to propose a way of thinking about the electrons of FQH states as condensate states, formally similar to baryons of hadronic models of strong interactions at low energies, and to the elementary excitations as the fundamental constituents analogously to quarks in QCD. In brane language electrons are represented by D0-branes, while the elementary excitations appear as fractional D0-branes. This quantum description recovers not only the Susskind construction, but also the Hellerman and Van Raamsdonk solution for the constraint equations (4), and of course the Laughlin wavefunctions with zeros of order k.
We then consider quantum configurations for states that are of non-Laughlin type by using, on one hand, the developments made in the framework of Susskind's proposal and the subsequent results and, on the other hand, taking advantage from a special feature of the continuous fraction to interpret FQH states as a system of coupled Laughlin states. Recall that ideas utilizing coupled Laughlin states to describe states with general filling factors were successfully implemented in the past when studying abelian hierarchies and effective Chern-Simons (CS) gauge models [17] . Such analyses were based on the action
In the present description the world volume of the D2-brane, where the A I CS gauge fields propagate, have a fibration B × F of a base given by the world volume of the D2-brane and as a fiber the vector space E generated by the {r I } vector basis system such that r I r J = K IJ . In this basis the hierarchical gauge field components A I appear just as projections on the vector basis,
The K IJ matrix appearing in the above action functional is the well-known matrix topological order describing hierarchies; for details on the possible classes of K IJ , see [17] .
The organization of this paper is as follows. In section 2, we develop a microscopic analysis of the Hamiltonian description of the Laughlin states with filling factor ν = 1 k . We study the resolution of the SU (k) singularity by NC geometry and work out the resulting wavefunctions describing the vacuum configuration. In section 3, we study the FQH states that are not of Laughlin type and propose a way to approach such states by using the earlier Susskind results and ideas on fluid branches. In section 4, we consider a system of (N 1 + N 2 ) electrons and develop a matrix model for FQH states with filling factor given by the series ν k 1 k 2 . This system contains two branches; a basic one with ν k 1 = 1 k 1 and another one with ν k 2 = 1 k 2 built on the top of the ν k 1 state. The coupling of the two branches is ensured by the introduction of an effective B * field and moreover through the use of a bosonic field in the bi-fundamental of the
group. Such a field turns out not only to carry the interaction, but also to play the role of a regulator without even requiring Polychronakos type fields.
Microscopic description
To start recall that the Lagrangian L describing the dynamics of an electron of mass m and charge (e = 1) moving in two dimensional space x = (x 1 , x 2 ) in the presence of a perpendicular external constant magnetic field B and a potential U(x), (U(x) = κ 2
The Hamiltonian H = πẋ − L of this electron is obtained as usual by computing the conjugate momenta π =
∂L ∂ẋ
of the z ± = (x 1 ± ix 2 ) positions. In the presence of a strong enough magnetic field B, these momenta are proportional to the positions and reduce to
The Hamiltonian H (z + , z − ) ≡ H (z,z) thus emerges as the one dimensional harmonic oscillator
One of the remarkable features of (17) is that it depends only on the complex space coordinates z andz. This property has an appealing interpretation at the quantum level: the real plane is quantized into small cells of area proportional to the inverse of the magnetic field B. Indeed, extending the usual construction one does for the case of a quantum oscillator in the (x, p) phase space, the quantum Hamiltonian H may be defined as
where Z andZ are the Heisenberg operators associated to z andz and where : ZZ : stands for the usual normal order. This one particle energy operator may be viewed as describing the energy configurations of a harmonic oscillator with a ± creation and annihilation operators:
satisfying the usual commutation relations namely
In terms of these operators, (18) reads as
where ω = κ B
, we have set = 1 = c. For κ large enough say κ = + κ ′ , where κ ′ is some perturbation parameter, the gap energy is large (E 1 ∼ κ ∼ B) and so the quanta are mainly occupying the lowest state, i.e. the lowest Landau level ( LLL).
Though standard, the analysis we presented above leads to valuable informations about the discrete nature of the real plane induced by the B field at the quantum level. Maybe the most important information one obtains comes from the relation
which tells us that, from the semi-classic point of view, everything appears as if the z,z plane is quantized in fundamental B dependent areas (say small squares or discs)
where the magnetic length l 0 appears in our convention notation just as the fundamental length of the small square edges. From this semi-classical view, one might think that upon a shell B 0 of the range of the magnetic field B, each electron occupies at most an area A 0 ; while for B stronger; B > B 0 , the surface A 0 becomes smaller and then the size of the semi-classical particle needs several fundamental areas. This picture becomes more striking when we consider the case of a large number N of electrons parameterized by the complex coordinates z α , α = 1, . . . , N.
In this case and for a large magnetic field, the filling factor ν = rational values are allowed [11] . In sections 3 and 4, we will consider examples of such kind of filling factors; but for the moment let us forget about this details and focus on the Laughlin states with filling factor ν = 
in the expression of the Laughlin wavefunctions. The condition we get to have invariance is
which is solved either for
). For the special case of the Z k subgroup generated by
the action on the coordinate variables reads as . Since we are interested precisely in this behaviour, let us push further this treatment by looking for solutions of (28) which can also be written as
where we have set P η ≡ P and η α is given by (27). Known results on k-dimension representation of Z k show that z α may be solved by help of fiber bundle techniques trivially realized as
where now the w α 's are the effective complex plane coordinates of the electrons and Q is the generator of the internal structure which, together with P, are given by
In these relations
is the projector on the j-th state of the vector basis B ≡ {|j
representation,
is a translation operator and I k is the usual identity matrix. The k × k matrix Q is then a translation operator rotating the elements of the B basis and acting as f j . The matrix P, which is diagonal, may be also written as
where L 0 is the hermitian operator counting the Z k charges; that is acting as
and then
Straightforward calculations show moreover that P and Q satisfy
At the quantum level, the solution z
for the non-commutative point should be naturally replaced by
For the special case k = 1, there is no singularity and the Z ± α position operators reduce to the complex plane operators; i.e Z ± α = W ± α and so one is left with a system of IQH states at filling factor ν = 1. In this case, the creation and annihilation operators a 
Taking the sum over all states of the internal space namely
which we set as a ± α for simplicity, one sees that the above operators exhibit a set of special features whose main ones are: (i) (39) reflects a well-known property in brane physics in presence of the B field namely the fractionating of D-branes at singularities. As such creation and annihilation operators a ± α of the electron ( D0-brane) fractionate in terms of more fundamental operators a ± αiα = Tr(f iα+1 a ± α ) (fractional D0-branes). This means that in the same manner that the electrons are described by D0-branes in the brane picture, the a ± αiα are associated with fractional D0-branes (fractional electrons or again quasi-electrons).
(ii) The a ± α operators carry a Z k charge equal to (±1) as shown below
while Z k scalars are mainly given by composite operators of the form
To get the right expressions of the invariant A ± α bounds in terms of the a ± αiα 's, recall that the commutation relations describing the quantum behaviour of the FQH states at filling factor
The total Hamiltonian H = N α=1 H α of the system is given by the following k × k diagonal matrix operator
H is proportional to the I k identity and has a manifest
the L 0 charge commutes with H and so the vacuum state |v > is degenerate; it is an eigenstate of both H and L 0 ; that is H|v >= E 0 |v > and L 0 |v >= j|v > with 1 ≤ j ≤ k. In other words
is completely reducible into one dimensional spaces, one can choose only one vacuum, say the Z k invariant one namely |0 >≡ |0, 1 > and perform all the usual procedure to build excited states of (44), but keeping in mind that the same analysis may be done for the (k − 1) others. The rotation between the different spectrum is ensured by the
Another remarkable property concerning Z k symmetry follows from the obvious identity
and zero otherwise. This implies in turns that
An equivalent statement is that for k ≥ 2 and due to the property f Due to these identities, one can show that one can build out of the a ± αiα 's few Z k invariant composite operators; k condensates (A + α ) (j) , 1 ≤ j ≤ k given by the following ordered product with a non-zero action on the |j > state only . Another Z k invariant composite operator is given by the trace Tr(A + α ) (j) ; this operator does not depend on the {|j >} basis vectors and as we will show later on this is the operator that has been used in [9] to construct the wavefunction. To build the generic eigenstates |Φ = |{n α,iα } of the Hamiltonian H, one proceeds as usual by acting by monomials in the creation operators on the vacuum. This is a standard analysis which we will skip and come directly to the study of the case of a FQH system of N particles with filling factor ν = 1 k .
To get the fundamental state of this system of N particles, one should solve the following constraint equations
where E is the energy spectrum and Π
should be equal to the unity in order to get Z k invariance. To do so let us first recall some useful features for our computations.
Since for a fixed particle α, the Z k symmetry still commute with the one electron Hamiltonian H α ; i.e H α P = P H α , the one particle vacuum state is also degenerate |v α >≡ {|α,
It is a k-dimensional vector with the following properties
with η k α = 1 and a
Moreover it is completely reducible, that is |v α > = ⊕ k iα=1 |α, i α > and so one has k identical copies rotated among each others by the Q operator. Furthermore as the energy spectrum of the H α operator is
the excited states |n α,iα of H α satisfying
are given by
On the other hand since
it follows from covariance under the Z k symmetry that the n α,iα integers should be such that
where p α is a positive integer. As a first result, if one considers the particular case where i α = 1, ∀α; that is for the Z k invariant vacuum |v = |0, 1 >, then the composite following from (50) is
This is the operator of creation of one electron state (|e
with energy ω 2 (2k + 1) and position z α . More generally using (49), one can build k similar one electron state
with same quantum numbers by using the |0 > ⊗|j >≡ |0, j > vacua.
A careful inspection of (50) revels that because of the identities (49), the expression of
The point is out of the a ± αiα operators, one can construct the following SU(k) invariant condensate
where ε i 1 ...i k is the usual completely antisymmetric k-dimensional invariant tensor; but due to the relations (49) only the cyclic k-terms of the expansion are non-zero. The terms that survive, after using (49), depend on the basis vector on which A ± α acts. Denoting by
one can rewrite the above relation as
where the π j 's are the projectors on the states |j introduced earlier. This decomposition in terms of projectors reflects the property of the resolution of the singularity by NC geometry.
Each component may be used to a build solution of the constraint equations (7). But before giving these solutions let us make the contact of the result of [9] . Though the authors of that work have not addressed the question of the resolution of singularity by NC geometry, one can still recover their wavefunction by considering the special invariant operator
By help of this operator and the realization (39), one can check that the following wavefunction coincides with that derived in [9] 
This however is a special solution where the effects of NC geometry have been integrated out.
To get the wavefunctions for the system of N electron with filling factor ν = 
where each component (|Φ
where N is a normalization factor and ε α 1 ...α N is the usual completely SU(N) invariant tensor.
These degenerate solutions are rotated under Z k automorphisms and form all together a cycle of k vertices in one to one correspondence with the k one dimensional irreducible representations of Z k ; (see Figure 1 ). This is a remarkable result; which should be understood as a consequence of NC geometry which act by lifting SU(k) singularity of the Laughlin wavefunctions. In the above relation, the (A + αn ) n operator may be interpreted as the operator of creation of an electron at the position z αn with an energy kn in the units of the frequency. The energy of the above vacuum configuration (68) in units of the ω frequency is
It behaves as
for large N and agrees with the expression given in [9] . We will turn to this behaviour in section 4 when we study FQH states that are not of Laughlin type. We end this subsection by noting that such analysis may be learnt on the NC extension of the Laughlin wavefunctions (10).
Replacing the small (commutative) z α variables by their non-commutative analogue Z α , one gets the following generalized wavefunctions
However since (Z α − Z β ) k is in the centre of the discrete symmetry, i.e proportional to the identity, these wavefunctions split as
Non-commutative matrix model
In this section we want to extend the previous results; especially those in connection with discrete symmetries and NC geometry to the matrix model formulation [1, 4] of the Laughlin
. In this formulation, the N classical particles are roughly speaking described by the Z αα diagonal entries of a N × N matrix Z while their "mutual interactions" are carried by the non-diagonal terms Z αβ , α = β. The corresponding creation and annihilation operators a ± αβ of the quantum system are valued in Adj(U (N)) contrary to the previous study where they were in the N andN representations. We will give here below a correspondence rule allowing to learn the spectrum of the matrix model just from the results of the analysis of subsection (2.1).
This derivation allows us to discover another remarkable property of the Polychronachos field operator and shows that this field operator is just the leading one of a more general situation to be considered in section 4.
For a system of finite number N of electrons, the action of the matrix model reads, in terms of the Z andZ dynamical variables, as and an area [7] 
The above action has an one dimensional U(N) = U(1) × SU(N) gauge invariance which can be used to fix the extra non physical degrees of freedom involved in the above action.
The presence of the term
dt TrA, shows that (73) is actually a constrained system. This constraint equation, which reads as
requires that the (N 2 − 1) charge operators of the SU (N) ⊂ U(N) gauge invariance are constrained to zero while the U(1) charge is fixed to the value Nk as shown on (7).
Introducing the N 2 creation and N 2 annihilation operators 
where
This a + αiα operator carries one energy excitation (b + ) and one U (1) charge since
where J 0 is the operator counting the number ψ + 's as shown on (7). A similar result is also valid for the A ± αj π j composite operators (62,64). In this case, the correspondence rule is
and
where the a 
where π ij = π i ⊗ π j . The Ψ + α operators carry k charges of U (1) since
while (B ± )ᾱ α carry k units of the energy excitations. In terms of these operators and following the same philosophy as before, we can build an object
carrying k charges of U (1) and k energy excitation units exactly as for the composite A + αl of (80). In fact due to the factorisation (39), the A + α and E + α are proportional and then we will use the A + α objects. One can also deduce the Hamiltonian H associated with the matrix model by using (48).
It reads in terms of the (a ± ) βj β αiα 's as
where N b is the number operator counting (b 
Since (b ± )ᾱ iᾱ αiα and ψ ± αiα may also be expressed in a condensed form by using the realization (39) as follows
f iα f iᾱ (91) and similarly
the above commutation relations can be rewritten as
Here also NC geometry lifts the degeneracy of the vacuum configurations with minimal energy 
where I is the identity operator of D (Z k ) and |v the vacuum vector and the A + αj 's are as in (80). Viewed from the base of fibration R 2 θ × D (Z k ), this relation reduces to the Hellermann and Van Raamsdonk (HR) wavefunctions |Φ HR > obtained in [9] and which read, in terms of our convention notations, as
Recall that in this representation, the vacuum |0 > ignores all about the Z k symmetry of the Laughlin wavefunctions. where the number N φ flux quanta is given by a fractional amount of the electron number; that is
In fact this way of viewing things reflects just the original idea of hierarchical construction of FQH states of general filling factor p q considered years ago by many FQH authors. In Haldane's hierarchy [18] construction for instance where the K IJ matrix of (14) is taken as
with p 1 odd integer and the others p i 's are even; the filling factor is given by the continuous
For the level two of the hierarchy (n = 2), the elements of the series
correspond to take N φ as given by a specific rational factor of the electron number; i.e
Upon setting
the rational factor
can be brought into the following remarkable form
and so the filling factor ν p 1 p 2 ≡ ν k 1 k 2 splits as [19] 
Therefore FQH states with ν k 1 k 2 may, under some conditions, be thought of as consisting of two example we will be considering to illustrate our results, as
To study vacuum configurations of such FQH states, it is interesting to fix some terminology and specify the hypothesis we will be using. As far terminology and convention notations are concerned, let N 1 (resp. N φ 1 ) be the number of electrons (resp. quantum flux) in the
FQH fundamental state and N 2 (resp. N φ 2 ) be the number of electrons (resp. quantum flux) The relation between B and B * fields is
For the ν = 
where, according to the result of Susskind, the θ j 's parameters in the large N limits are given by
Since θ j is interpreted as the effective size occupied by a electron in the quantum space R 2 θ , it follows from the indiscernability hypothesis that θ 1 = θ 2 and consequently
where l 1 and l 2 are the so-called magnetic lengths associated to B 1 and B 2 respectively, the previous relation reads then as
As we are dealing with N = (N 1 + N 2 ) electrons coming from two origins and since k 2 > k 1 , it is interesting to introduce a useful terminology here. Thus we will refer to the elementary flux φ 1 occupying the area A 1 ∼ 
where I j stands for a multi-index 
Adding these two energies, one obtains
Then summing over all allowed values of the index j; i.e 1 ≤ j ≤ r, as required by the expression of the wavefunction |Φ v , by taking into account the relation N 1 = rN 2 , one gets
Taking into account the vacuum contribution of the oscillator which is equal to
, one ends up with the following relation for the vacuum energy of the interacting configuration
Note that for large value of N 1 and N 2 , but
finite; say
the vacuum energy of the configuration (108) behaves quadratically in M with a coefficient
This energy relation is less than the total energy E
of the decoupled con-
which also behaves quadratically in M as shown here below; but with a coefficient
larger than that appearing in presence of interactions. Indeed, using (69), we obtain
leading to
Therefore the difference between the energies E
of the decoupled configuration and the interacting one is
showing that
For the example of the FQH state at filling factor ν = reads as
while that of the interacting one is
It is obvious to see that equations (122,123) verify the relation (121), such that
In what follows, we propose a matrix model to describe such FQH states that are not of Laughlin type. We will focus our attention on the e − µ system we presented above although most of our results may extended to more general FQH systems.
Matrix model for (e − µ) system
We start by presenting the variables of the matrix model for the case of FQH droplet of N = (N 1 + N 2 ) electrons (N 1 electrons and N 2 muons) with filling factor ν k 1 k 2 . The integers k 1 and k 2 are some specific odd integers; they are essentially given by the family of integers, 
e-Sector
The matrix variables associated with the e-sector of the (e−µ) system are supposed to describe
branch of the fluid. They are given by the usual triplet (Z 1 , Ψ 1 , A 1 ) appearing in the Susskind-Polychronakos matrix model and have the following U(N 1 ) group structure
The matrix model describing the dynamics of these fields is given by the following one dimensional U(N 1 ) gauge invariant action
while the constraint equations, which is obtained as usual by computing the equation of motion of A 1 , read as
Quantum mechanically, these constraint equations should be imposed on the Hilbert space H of the wavefunctions |Φ and so (127) should be thought of as
where J
(1) 0 and J (1) αᾱ are the generators of the U(N 1 ) = U(1) × SU(N 1 ) gauge symmetry of the action S 1 . Later on we will give the fields realization of these charge operators; but for the moment let us complete the presentation of the dynamical variables of the (e − µ) system.
µ-Sector
The matrix field variables associated with the subsystem µ containing N 2 electrons (muons) are quite similar to those appearing in the e-sector. These variables, which describe the ν k 2 branch of the ν k 1 k 2 fluid, are given by the triplet (Z 2 , Ψ 2 , A 2 ) valued in U(N 2 ) group representations as shown below
The action S 2 of matrix model for this sector reads as
The constraint equations are naturally given by
At the quantum level, they should be thought of as
where now J Note that as far as these two pieces of the total action S = (S 1 + S 2 + S int ) of the (e − µ) system are concerned, the full gauge symmetry is U(N 1 ) × U(N 2 ). The matrix model variables listed above transform under this invariance as
where i = 1, 2 and the U i gauge transformations are given by
with T n being the group generators and λ n i (t) the gauge parameters.
(e − µ)-Couplings
Interactions between the e−sector and the µ one consisting the two branches of the (e − µ)
fluid are introduced via three mechanisms: (i) Through the choice of the moduli parameters,
(ii) the distribution of the fractional D0-branes on the droplet and (iii) via a gauge principle.
Concerning the first contribution to interactions, the point is that because of the presence of the e−sector, the particles of the µ−sector (the muons) will feel not only the external magnetic field B = B 1 but also an induced term coming from the charged particles of the e−sector. As such electrons of the µ−sector view a total magnetic field
From previous analysis, see (104, 107) , one learns that B 2 = 
where the J 0 charge operator is the full charge operator to be given later on.
The third contribution to interactions between the two branches of the (e − µ) fluid comes from the requirement that the e and µ couplings are U(N 1 ) × U(N 2 ) gauge invariant. From the U(N 1 ) × U(N 2 ) group representation analysis (125) and (129), one sees that the candidate fields to carry such interactions behave as
Therefore, there are two kinds of rectangular complex matrices Ψ αa and Ψā α together with their complex conjugates. They look like the Polychronakos field; but in fact they are more general objects with very remarkable features. To get more insight in the role played by these fields, let us focus our attention on one of these fields; say the Ψ αa and its conjugateΨᾱā. The result extend directly to the others.
Interactions
Now considering (125) and (129), and restricting to the Ψ αa andΨᾱā fields, a possible U(N 1 ) × U(N 2 ) gauge invariant interacting action S int one can write down, up to the fourth order in the fields, is
In this relation the SU (N 1 ) indices α,ᾱ (resp. SU (N 2 ) indices a,ā) are contracted and the summation over the range 1 ≤ α =ᾱ ≤ N 1 (resp. 1 ≤ a =ā ≤ N 2 ) is understood. The five g i parameters are special coupling constants involving a product of the Ψ αa field and its conjugate; there exist other coupling parameters which are not important for the forthcoming analysis and which we have set to zero for simplicity. Note in passing that due to the Ψ αa field, the term g 5
ΨᾱāZ 1β α Zb 2a Ψ βb involve couplings of the Z 1 and Z 2 matrix variables already at the fourth order in the fields while one needs to go to the sixth power if one is using only the Polychronakos type fields as shown on the following interacting termΨᾱ 1Ψā 2 Z 1β α Zb 2a Ψ 1β Ψ 2b .
The constraint equations one gets from the full action S of the (e − µ) system contain extra contributions coming from the interacting part (138). The new quantum constraint equations read therefore as
where now the U(N 1 ) × U(N 2 ) currents have a Ψ αa andΨᾱā dependence as shown below
and similar relations for the µ−sector
It is interesting to note here that as far as consistency of the matrix model is concerned, one does not need to introduce all the different kinds of the Ψ's we have considered above. It is possible to do all the job with the Ψ αa field in the bi-fundamental of the U(N 1 ) × U(N 2 ) gauge group.
(e − µ)-Matrix model
In this special matrix model, the Ψ 1α and Ψ 2a Polychronakos fields and the Ψā α field are ignored and so the effective variables of the (e − µ) system are reduced to {Z 1 , Z 2 , A 1 , A 2 , Ψ αa }, while the total action S, obtained from (138) by setting also g 1 = g 2 = 0, reads as
where we have set ω 1 = ω 2 = ω. The above realization of the J
αᾱ and J
aā currents (140,141) simplifies to 0 . So the number k 1 N 1 of quasi-electrons and the number k 2 N 2 of quasi-muons in of the vacuum configuration of the (e − µ) droplet should be equal; that is we should have the equality
This constraint equation is not a strange relation; it is in fact expected from group theoretical analysis of the vacuum wavefunction and a result of subsection (2.2). Indeed, due to non-commutative geometry, the SU (k 1 ) and SU (k 2 ) singularities of the Laughlin wavefunctions of the e and µ sectors are removed and therefore the classical Ψ field in the bifundamental (137) should be replaced, at the quantum level, by the Ψ ± αiα,aja operators transforming in the (
group. Since the indices αi α and aj a are paired, invariance under (SU (
) requires that we should have the identity (145). Moreover using the constraint (136), one gets the following remarkable relation
which is solved by 
the total HamiltonianH of the (e − µ) system, which contain two parts H 0 and H int , may be treated as the sum of a free part given by
are the operator numbers counting the e and µ particles respectively, and an interacting part
describing couplings between the two-sectors. This interaction is a perturbation around H 0 and so the spectrum of the full Hamiltonian may be obtained by using standard techniques of perturbation theory. The determination of the vacuum configuration of H 0 depends however on whether the NC geometry of the plane is taken into account or not. In the simplest case where the SU (k 1 ) and SU (k 2 ) symmetries of the singular points are ignored; the creation and annihilation operators r ± αᾱ , s ± aā , and ψ ± αa carry only the SU (N 1 ) × SU (N 2 ) group indices and so the Heisenberg algebra for these operators reads as
all others are given by commuting relations. A way to build the spectrum of the Hamiltonian H 0 with the constraint (139) is given by help of the special condensate operators
The wavefunctions for the vacuum read , in terms of the (A + )
where the O (j) 's are building blocks invariant under SU (N 2 ) but transforming as N
Invariance under SU (N 1 ) × SU (N 2 ) is ensured by considering p building blocks and applying the SU (N 1 ) antisymmetriser. In addition to the manifest SU (N 1 ) × SU (N 2 ) invariance, this configuration has clearly
charges U (1) and an energy
Effects of NC geometry of the plane may be taken into account by considering the splitting of the known SU (k 1 ) (resp. SU (k 2 )) singularities of the Laughlin wavefunctions with filling
). The previous r 
and all the remaining others are identically zero. In this case, one needs a building block structure using invariants of SU (k 1 ) × SU (k 2 ) × SU (N 1 ) × SU (N 2 ) symmetry. The building blocks are constructed by using the following: (i) SU (k 2 ) invariants involve p factors of SU (k 1 ) invariants and (ii) SU (N 1 ) scalars need p factors of SU (N 2 ) condensate. This property is based on the relations k 2 = pk 1 and N 1 = pN 2 .
Conclusion
In this paper we have developed a matrix model for FQH states at filling factor ν k 1 k 2 going beyond the Laughlin theory. To illustrate our idea, we have considered a FQH system of a finite number N = (N 1 + N 2 ) electrons with filling factor ν k 1 k 2 ≡ ν p 1 p 2 = , · · · Our matrix model, which extends the regularized Susskind theory considered by Polychronakos for studying FQH droplets, has a U (N 1 ) × U (N 2 ) gauge invariance and assumes that the FQH fluid consists of two coupled branches with filling fractors ν k 1 = In this study, we have also studied an interesting feature of singularity in spaces with a NC geometry. This special property has not been addressed before in the context of FQH systems.
The point is that the Laughlin wavefunctions (10) with filling factor ν = 1 k have degenerate zeros sources of singularities of type A r . A simple way to see it is to go to the limit z β = z α + ǫ αβ and replace in the above Φ L . One gets product of monomials ǫ k αβ which behave as SU (k) singularity on the plane. However due to the presence of the external magnetic field B, the two space is no longer commutative and one expects that such kind of singularities to be removed in agreement with the general property of absence of singularities in NC spaces. On the basis of established results in NC geometry context, especially varieties with discrete symmetries as it is the case for the Laughlin wavefunctions we have completed previous partial results obtained recently by taking into account the effect of NC geometry. As a consequence, the spectrum involves now a larger symmetry group namely the U (N 1 ) × U (N 2 ) gauge group of the matrix model, but also the SU (k 1 ) × SU (k 2 ) living at the singular points. One of the striking results we have obtained in this issue is that real electrons are D0-branes behaving as singlets of the SU (k 1 ) × SU (k 2 ) group. They are composite objects of elementary excitations transforming in fundamental representations of the above groups and behave exactly as the known fractional D0-branes at singularities one has in brane physics. We have given the essential on these fractional D0-branes versus FQH fluid droplets, but more insight is needed before getting the general picture.
